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We study a modification of the Plebanski action, which generically corresponds to a bi-metric
theory of gravity, and identify a subclass which is equivalent to the Bergmann-Wagoner-Nordtvedt
class of scalar-tensor theories. In this manner, scalar-tensor theories are displayed as constrained
BF theories. We find that in this subclass, there is no need to impose reality of the Urbantke
metrics, as also the theory with real bivectors is a scalar-tensor theory with a real Lorentzian
metric. Furthermore, while under the former reality conditions instabilities can arise from a wrong
sign of the scalar mode kinetic term, we show that such problems do not appear if the bivectors
are required to be real. Finally, we discuss how matter can be coupled to these theories. The
phenomenology of scalar field dark matter arises naturally within this framework.
I. INTRODUCTION
This paper is concerned with scalar-tensor (ST) theories, i.e. theories with the following action principle
[1–3]:
S[gµν , ψ,Q] =
∫
ψR(gµν) + Lψ(gµν , ψ) + Lm(ψ, gµν , Q). (1)
The dynamical variables are the metric tensor field gµν , the scalar field ψ and tensor matter fields Q.
1
Historically, such theories have attracted interest because of the possibility of a time-varying gravitational
constant ψ. The most natural theory to consider from this point of view is the Jordan-Brans-Dicke (JBD)
choice
L(JBD)ψ = −
ω
ψ
ψ,µψ,νg
µν , L(JBD)m (ψ, gµν , Q) = Lm(gµν , Q), (2)
with a dimensionless coupling constant ω. This theory is severely constrained by solar-system experi-
ments, the most up-to date constraint being ω > 4 × 104 [4]. Recently there has nevertheless been a
renewed interest in ST theories [5], incited both by theoretical and phenomenological results. On the
theoretical front, the dilaton arises from dimensional reduction, as has been known since the study of
Kaluza-Klein theory. Most notably the low energy limit of string theory is a ST theory [6]. On the
phenomenological front, the interest has been spurred by the possibility of a first order phase transition
ending an inflationary epoch, providing a graceful exit and avoiding the slow-roll conditions [7]. One is
however forced to consider more general scalar actions Lψ , by introducing a potential V (ψ) and by allow-
ing ω to depend on the scalar field ω(ψ). Such a theory has the potential to combine ST phenomenology
at early times with present constraints, whenever ω evolves from small values to the large-value general
relativity limit. Such a mechanism has also been displayed in a class of ST theories in which all dila-
ton coupling functions coincide [8], cosmological evolution attracting the dilaton to a state in which it
decouples.
It will be shown in this paper how massive ST theories arise in Λ(φ) Plebanski theory. This class
of modified gravity theories is the non-chiral analogue of non-metric gravity [9, 10], which has been
introduced motivated by the asymptotic safety program. Aside from providing an arena to examine
effective quantum gravity actions, these theories offer a promising avenue for a unified description of
gravity and Yang-Mills theories [11–14]. Both modified theories are inspired by the Plebanski formalism
for general relativity, which describes gravity by a cubic action principle and more in particular as a
constrained SU(2) or SO(3, 1) BF-theory. The fundamental geometric variable in this formalism is
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1 We will restrict the discussion to tensor matter fields, but since we will be considering a first order formalism for gravity,
the connection being a dynamical variable, spinor matter fields are easily described.
2a su(2) respectively a so(3, 1) bivector, and the Lorentzian metric is obtained as a derived geometric
quantity. While the chiral and non-chiral Plebanski formalism are equivalent, both being a formalism
for regular general relativity, the non-chiral modified theory differs significantly from non-metric gravity.
Generically Λ(φ) Plebanski theory contains 8 propagating degrees of freedom (DOFs), as opposed to the
2 DOFs of non-metric gravity [15, 16]. We will identify a non-generic subclass in which these 8 DOFs
reduce to the 3 DOFs of a ST theory. The scalar action Lψ that arises naturally from these theories
behaves as a free field for small values and grows exponentially for large values. Minimally coupled
scalar fields with such a potential have attracted interest because of the dark matter phenomenology
they produce [17, 18].
Furthermore, in this ST subclass it is possible to discuss the fundamental aspects of Λ(φ) Plebanski
theory in detail. In particular, different reality conditions can be imposed on the bivectors such as to
obtain a real Lorentzian metric, and in the unmodified theory these are equivalent. In the modified
theory, different reality conditions yield a different theory, and it is not clear which reality conditions to
impose. We will compare these different conditions in the ST subclass. Another aspect of Λ(φ) Plebanski
theory which has not been clarified is the coupling of matter fields. Without an understanding of this
coupling, it is impossible to extract physical consequences already in the ST subclass: in the absence
of matter fields, it is possible to make a conformal field redefinition gˆµν = ψgµν , and have a minimally
coupled scalar field. It is the presence of non-conformally invariant matter fields (such as a massive
scalar point particle) which singles out the physical metric as the one with respect to which test particles
move on geodesics. We discuss a method to couple matter to Λ(φ) Plebanski theory by hand, and show
how minimal coupling is obtained for the ST theories. Whether minimal coupling arises as an attractor
in phase space is left as an open question. This ‘coupling by hand’ is to be contrasted with the more
ambitious approach followed in [14], where it is attempted to unify not only Yang-Mills fields but also
fermionic matter fields with the gravitational fields. The matter coupling discussed in this paper is more
pragmatic, but the results are not without interest for this unified perspective. We are able to single out
the metric with respect to which the scalar field is minimally coupled, establishing how at least one of
the emerging matter fields couples to gravity.
After a review of Λ(φ) Plebanski theory in section II, the subclass of the theory resulting in ST theory
will be discussed in section III. In section IV we discuss the coupling to matter. Finally, aside from
the physical motivations discussed above, the results of this paper can also be interpreted as giving a
BF formulation of massive ST theories. Massless ST theories cannot be obtained in the Λ(φ) Plebanski
framework, but finding a BF formulation of massless ST theory is straightforward once the description
of massive ST theories is understood. We discuss this in section V, and show how the JBD theory, which
doesn’t arise naturally in this setting, can be recovered.
II. Λ(φ) PLEBANSKI THEORY
In the non-chiral Plebanski formalism, Lorentzian, resp. Euclidean, general relativity is described by
a set of so(3, 1), resp. so(4)-valued bivectors BIJµν (i.e. B
IJ
µν = −BJIµν = −BIJνµ). We refer to appendix A
for further details on the notation. The Plebanski action principle
SPl
[
BIJµν , A
IJ
µ , φIJKL
]
=
∫
BIJ ∧ FIJ(A) − 1
2
(
φIJKL +
Λ
3
ǫIJKL
)
BIJ ∧BKL, (3)
is that of a constrained BF theory. Here, a` la Palatini, the connection AIJµ is taken as an independent
variable, and φIJKL is a Lagrange multiplier obeying the symmetries of the Riemann tensor, φIJKL =
φKLIJ = −φJIKL and ǫIJKLφIJKL = 0. The role of the simplicity constraints
BIJ ∧BKL − σ 1
24
ǫIJKLǫMNPQB
MN ∧BPQ = 0, (4)
which result from varying with respect to the Lagrange multipliers, is to put these bivectors into cor-
respondence with a tetrad. This correspondence occurs because the constraints are solved, as will be
detailed below, by
BIJgr = ± (⋆e ∧ e)IJ , BIJtop = ±eI ∧ eJ , (5)
3where ⋆ is the hodge dual in the Lie algebra (not the space-time hodge dual). The remaining field
equations
dAB = 0 (6)
F IJ [A] = φIJKLB
KL, (7)
with dA the connection differential, can be used to show that (i) A is the spin connection e
I
ν∇µeνJ , with
∇ the metric-compatible derivative, (ii) for the solution Bgr, the metric satisfies Einstein’s equations,
and (iii) for the solution Btop, a topological theory is obtained [11]. These results are also apparent from
substituting (5) back in the action, yielding the Einstein-Cartan action for B = Bgr and the topological
action
∫
eI ∧ eJ ∧ F [A]IJ for B = Btop.
The correspondence between BF theory and general relativity that is provided by the Plebanski for-
malism rests on the simplicity constraints. These constraints break a part of the gauge symmetry of
BF theory, and without them the theory is topological. They can however also be relaxed by replacing
φIJKL by φIJKL +
1
6Λ(φ)ǫIJKL, where Λ is a function of scalar invariants of the Lagrange multiplier.
2
The gauge symmetry of BF theory is still partially broken, and the resulting theory, with action principle
SMP =
∫
BIJ ∧ FIJ − 1
2
(
φIJKL +
Λ(φ)
6
ǫIJKL
)
BIJ ∧BKL, (8)
is not topological. The field equations (4,6,7) are then modified to
BIJ ∧BKL − 1
12
ǫIJKL < B ∧ ⋆B > = −1
3
∂Λ
∂φIJKL
< B ∧ ⋆B >, (9)
dAB = 0, (10)
F IJ(A) =
(
φIJKL +
Λ(φ)
6
ǫIJKL
)
BKL. (11)
When the Hessian of Λ(φ) is non-singular, (9) yields equations for the Lagrange multipliers instead of
genuine constraints. It was shown in [15] that, for such non-singular cases, the resulting theory contains
8 DOFs. In [16, 21], those DOFs were identified as a massless graviton coupled to a massive graviton
accompanied by the Boulware-Deser ghost. Apart from the 2 DOF general relativity case (3), Λ(φ) = Λ,
singular cases yielding less than 8 DOFs non-perturbatively have not been discussed in the literature. In
the next section we will show how a singular potential, where Λ(φ) is only a functional of ϕ0 = Tr(φ),
gives rise to a theory with 3 DOFs: a massless graviton coupled to a massive scalar field.
Before discussing this, it is useful to explain in more detail how to solve the simplicity constraints. In
order to do so, we decompose (4) in its irreducible components. First, we split BIJ in its Lie-algebra
selfdual (SD) and anti-selfdual (ASD) components: BIJ = P IJ(+)iB
i
(+)+P
IJ
(−)iB
i
(−). In the Euclidean case,
one has introduced 6 real bivectors Bi(+), B
i
(+), while in the Lorentzian case 3 complex bivectors B
i
(+)
are introduced, and in order for BIJ to be real, the ASD part is its complex conjugate,
Bi(−) = B
i ∗
(+). (12)
Any set of 3 bivectors can be required, as a condition on the space-time metric, to be (A)SD wrt the
space-time hodge dual3, such that B can be parametrized by [16, 22]
BIJ = P IJ(+),ib
(+)i
jΣ
j
(+)µν [e
(+)I
µ] + P
IJ
(−),ib
(−)i
jΣ
j
(−)µν [e
(−)I
µ]. (13)
Here Bi(−) has been required to be ASD instead of SD, such as to be consistent with (12) and a real hodge
dual, in the Lorentzian case. In terms of these parameters, the Lorentzian reality conditions are given by
b(−) = b(+) ∗, e(−) = e(+) ∗, (14)
2 Studying such relaxations is motivated by the effective action rationale of allowing all terms of correct dimension and
symmetry. We refer to [19, 20] for a more complete discussion of the motivations.
3 Whenever Bi ∧ Bj is non-degenerate this condition determines the metric uniquely up to conformal factor.
4while for the Euclidean case all fields are taken to be real. One should note that the parametrization
(13) is not unique: BIJ is invariant under a transformation b → Ω2b, eIµ → Ω−1eIµ. In order to fix this
ambiguity, one requires det(b) = 1, and in the Euclidean case introduces η, η¯ = ±1 to take into account
that this transformation cannot change the sign of det(b):
BIJ = η˜P IJ(+),ib
(+)i
jΣ
j
(+)µν [e
(+)I
µ] + η˜ηP
IJ
(−),ib
(−)i
jΣ
j
(−)µν [e
(−)I
µ]. (15)
In the Lorentzian case, η = η˜ = 1. Using this parametrization, the irreducible decomposition of (4) is
given by
Π
IJKL
(2,0),ij2σ
√
σe(+)m(+)ij −ΠIJKL(0,2),ij2σ
√
σe(−)m(−)ij (16)
+ΠIJKL(1,1),ij4ηb
(+)i
kb
(−)j
lΣ
k
(+) ∧Σl(−) +ΠIJKL(0,0) 2
√
σ(e(+)m(+) − e(−)m(−)) = 0,
where m(+)ij = b(+)ikb
(+)j
k, m
(+) = Tr(m(+)ij), e(+) = det(e(+)Iµ) and likewise for the ASD quantities. It
follows, using unimodularity, from the (2,0)- and the (0,2)-components that4
m(+)ij = m(−)ij = δij , (17)
such that the scalar component reduces to
e(+) = e(−). (18)
The (1,1)-components are solved by e
(−)I
µ ∝ e(+)Iµ , up to a proper Lorentz transformation which doesn’t
affect the result. In the Euclidean case, it follows from (18) that this factor is ±1:
so(4) : e(−)Iµ = ±e(+)Iµ ≡ eIµ. (19)
In the Lorentzian case, the factor is any 4th root of 1,
so(3, 1) : e(−)Iµ = e
ik pi2 e(+)Iµ, k = 0, ..., 3. (20)
The reality conditions (14) then imply that e(+)Iµ and e
(−)I
µ can be related to a real tetrad e
I
µ by
e(ǫ)Iµ = ±eiǫn
pi
4 eIµ, n = 0, ..., 3. (21)
Substituting bij = b¯
i
j = δ
i
j and (19) resp. (21) in the decomposition (15), one obtains for the Euclidean
and Lorentzian case that
BIJ = η˜
1 + η
2
eI ∧ eJ + η˜ 1− η
2
(⋆e ∧ e)IJ , (22)
where for the Lorentzian case we have conveniently replaced n = 0, ..., 3 by η = ±1, η˜ = ±1 to parametrize
the different solutions, such as to explicitly show the equivalence of the Euclidean and the Lorentzian
case. The explicit relation between these parameters is given by n =
(
η˜ + η+12
)
mod 4. For η = 1, one
obtains the topological solution of (5), while for η = −1 the gravitational solution is found.
Let us point out that Lorentzian gravity, with a real Lorentzian metric, can be recovered in two different
ways. In the first approach, the bivectors B are taken to be real, as discussed above. Alternatively, one
can require the reality of e(+) and e(−), after introducing η and η˜ in the parametrization, i.e. impose the
reality conditions of the selfdual Plebanski formulation. Since under this assumption both real tetrads
are independent, the results can be obtained by studying the Euclidean case and introducing factors
i where appropriate. If the simplicity constraints are satisfied, this reality condition gives either real
(topological sector) or purely imaginary bivectors (gravitational sector). Factoring out i in the action of
the latter sector, it is found that the two reality conditions are equivalent, in the presence of the simplicity
constraints . In the absence of the simplicity constraints, the phase of B is dynamical, and cannot simply
be factored out of the action. Hence these reality conditions differ, and yield a different Λ(φ) Plebanski
theory. We will clarify the differences between both reality condition in the ST subclass that is discussed
in the next section. Under the condition of real e(+) and e(−), the theory splits in two sectors, one having
the right sign and one having the wrong sign of the kinetic term. Under the condition of real B, the
scalar field is guaranteed to have the right sign of the kinetic term in both sectors.
4 More precisely, in the Lorentzian case also m
(+)
ij = e
±i 2pi
3 δij are unimodular solutions. However the condition det b = 1
only fixes Ω2 up to a factor e±i
2pi
3 , and this remaining ambiguity can be used to fix m
(+)
ij = δij .
5III. MASSIVE SCALAR TENSOR THEORY FROM MODIFIED CONSTRAINTS
A ‘weak’ relaxation of the simplicity constraints, is to relax only the scalar component in (16), i.e.
relax (18). In that case e(+)Iµ and e
(−)I
µ are constrained to be conformally related:
mij = m¯ij = δij , e(−)Iµ = ψe
(+)I
µ. (23)
In the Euclidean case, ψ is simply a real variable, while in the Lorentzian case, it follows from (14)
that it is a phase ψ = eiφ and one can relate e(+) and e(−) to a real tetrad e by e(+)Iµ = ±e−i
φ
2 eIµ,
e(−)Iµ = ±ei
φ
2 eIµ. B is given by
so(4) : BIJ = η˜
1− ηψ2
2
(⋆e ∧ e)IJ + η˜ 1 + ηψ
2
2
eI ∧ eJ ; (24)
so(3, 1) : BIJ = − sin(φ) (⋆e ∧ e)IJ − cos(φ)eI ∧ eJ . (25)
This solution is equivalent, after a redefinition of the tetrad
√∣∣∣η˜ 1−ηψ22 ∣∣∣eIµ → eIµ resp. √|sin(φ))|eIµ → e˜Iµ,
and of the scalar 1+ηψ
2
1−ηψ2 → ψ˜, resp. cot(φ)→ ψ˜, to
BIJ = ±
(
⋆+ ψ˜
)
e˜I ∧ e˜J , (26)
which was also discussed in [23, 24], where an extra constraint was imposed to fix ψ˜ to a constant and
obtain the Holst action, ψ˜ playing the role of the (inverse) Immirzi parameter. We will show that if
this constraint is not imposed, ψ˜ becomes a scalar propagating degree of freedom, responsible for the ST
character of the theory. In this sense, the ST theories obtained here originate from considering a time-
varying Immirzi parameter, rather than a time-varying gravitational constant. For the generic analysis
of section III B we will however stick to the parametrization (24-25): in this parametrization, one can use
(23) to split equation (10) in its (A)SD parts most elegantly.
In the class of theories described by (8), this relaxation can be achieved by choosing
Λ(φ) = Λ0(ϕ0), (27)
as the right-hand side of equation (9) then only contributes to the (0,0)-component, leaving the (2,0)-,
(0,2)- and (1,1)-components of the constraints untouched. Hence these are solved by (23). In comparison
to the theory with a generic potential Λ(φ), where also these components are relaxed, this subclass is
more constrained. More specifically, as this generic case corresponds to bi-metric theories of gravity
[16, 21], the ST subclass can be interpreted as a constrained bi-metric theory, where the 2 metrics are
constrained to be conformally related.
The scalar component on the other hand, is modified to
Λ′0(ϕ0) = −
1
2
< B ∧B >
< B ∧ ⋆B > = −
σψ˜
1 + σψ˜2
. (28)
Generically, Λ′′0(ϕ0) 6= 0 and this equation can be solved for ϕ0. Values of ϕ0 at which Λ′′(ϕ0) = 0 then
serve as singular points of phase space, splitting the theory in different sectors. Before discussing this,
we first consider the case Λ′′0(ϕ0) ≡ 0, the scalar component still constraining the dynamical variables.
A. Linear potential Λ0
If the scalar potential Λ0 is given by
Λ0(ϕ0) = 2Λ0 − 1
4a
ϕ0, (29)
equation (28) can be solved for ψ˜ iff |a| ≥ σ2 (otherwise the action has no stationary points). The solution
is given by
ψ˜(a) = 2a±
√
4a2 − σ. (30)
6Substitution of (26) and (30) in the action yields
S =
∫
± ⋆ e˜I ∧ e˜J ∧ FIJ + ψ˜(a)e˜I ∧ e˜J ∧ FIJ − 4Λ0
(
1 + σψ˜2(a)
)
e˜, (31)
which is the Holst action, with the Immirzi parameter and the cosmological constant given by
γ−1 = ψ˜(a) = 2a±
√
4a2 − σ, (32)
Λ = Λ0
(
1 + σψ˜2(a)
)
= 4aΛ0σ
(
2a±
√
4a2 − σ
)
. (33)
In (31), the ± signs correspond to 2 different sectors of the theory. In the absence of matter, the effect of
the sign is equivalent to switching the sign of the potential term (which can be accounted for by changing
the sign of the parameters appearing in the potential), and in the remainder of this section we discuss
without loss of generality the + sector. In the presence of matter fields, the signs of all kinetic terms
have to be equal, and in section IV both sectors will be considered.
It has been noted in [23, 24], that (3) with φ satisfying
(δIJKL + aσǫIJKL)φ
IJKL = 0, |a| > σ
2
, (34)
instead of ǫIJKLφ
IJKL = 0, corresponds precisely to (31-33) (without the ± signs). This point of view
is easily understood to be equivalent to (8), with the potential Λ given by (29) and the usual condition
ǫIJKLφ
IJKL = 0. Starting with (34), one can make a field redefinition φ′ = φ+ 124aϕ0ǫ satisfying ǫ·φ′ = 0.
In terms of this variable, the action (3) is then given by∫
BIJ ∧ FIJ − 1
2
(
φ′IJKL +
1
6
(2Λ− 1
4a
ϕ′0)ǫIJKL
)
BIJ ∧BKL. (35)
B. Generic potential Λ0
1. The Euclidean case
As already mentioned, the compatibility equation is most elegantly solved by parametrizing the solution
of the unmodified simplicity components by (24). In terms of these parameters, (28) reads
Λ′0(ϕ0) = −
1
2
1− ψ4
1 + ψ4
. (36)
In the non-linear case, the equation can be solved for ϕ0(ψ). In general, this solution is not unique,
different solutions yielding n different sectors in which ϕ0 ∈ Ii = ]ϕi, ϕi+1[, i = 1..n with ϕ1 = −∞,
Λ′′(ϕj) = 0, j = 2..n and ϕn+1 =∞, and thus − 12 1−ψ
4
1+ψ4 ∈ Λ′0(Ii). To avoid heavy notation, we will study
the theory in one such sector, i.e. choose one (arbitrary) solution. The simplest case is the quadratic
potential
Λ0(ϕ0) =
a
16
ϕ20, (37)
for which a unique solution
ϕ0 = −4
a
1− ψ4
1 + ψ4
(38)
exists. We will use this case for illustrative purposes.
Substitution of equation (24) in equation (10), and splitting the equation and the variables in their SD
and ASD parts yields
dΣi(+) − ǫijkAj(+) ∧ Σk(+) = 0 (39)
d
(
ψ2Σi(−)
)
− ψ2ǫijkAj(−) ∧ Σk(−) = 0 (40)
7These equations can be solved for Ai(ǫ)µ, yielding
A
j
(+)µ = P
j
(+)IJe
I
ν∇µeνJ (41)
A
j
(−)µ = P
j
(−)IJψe
I
ν∇¯µ
(
1
ψ
eνJ
)
(42)
= P j(−)IJ
(
eIν∇µeνJ +
2
ψ
eIµe
νJ∇νψ
)
(43)
where ∇ (resp. ∇¯) is the covariant derivative wrt the metric associated to eIµ (resp. ψeIµ). Hence we have
solved for the connection:
AIJµ = e
I
ν∇µeνJ +
2
ψ
P IJ(−) KLe
K
µ e
L
ν∇νψ. (44)
Substituting (24), the solution of (28), and (44) in the action, one obtains, up to a total derivative,∫
e
[
η˜
1− ηψ2
2
R− 3η˜η∇κψ∇κψ − V0(ψ)
]
, (45)
where
V0(ψ) = Λ0(ϕ0(ψ))(1 + ψ
4) +
1
2
ϕ0(ψ)(1 − ψ4). (46)
As can be expected, the choice of (non-linear) Λ0 only affects the potential terms, the structure of phase
space is not affected by it. For the choice (37),
V0(ψ) = −1
a
1− ψ4
1 + ψ4
(
1− ψ4) . (47)
A more direct way of deriving (45) is by substituting (23) in the action (67) of [22], where the compatibility
equation (10) was solved for general B, using the parametrization (15), before using (23).
One can diagonalize the kinetic terms by switching from the Jordan frame to the Einstein frame, i.e.
making a conformal field redefinition gˆµν = Ω
−2gµν , with
Ω =
√
2η˜
1− ηψ2 , (48)
where again we can, without loss of generality, choose η˜ such that the argument of the square root is
positive. The action is then given, up to total derivatives, by (see e.g. [5])∫
e
[
R− 6η
(1− ηψ2)2∇µψ∇
µψ − 4
(1− ηψ2)2V0(ψ)
]
. (49)
The canonical kinetic term for the scalar field is obtained by making a field redefinition ψˆ(ψ) with
dψˆ
dψ =
√
6
1−ηψ2 , i.e.
ψˆ(ψ) =


√
6 arctan(ψ), η = −1√
6 arctanh(ψ), η = 1, |ψ| < 1√
6 arctanh(ψ−1) η = 1, |ψ| > 1
. (50)
It is useful to note that in the first case, the scalar field will be constrained to ψˆ ∈] − √6π2 ,
√
6π2 [.
Explicitly, the action in the respective sectors is given by
S =


∫
e [R+∇µψ∇µψ − Vgr(ψ)] , η = −1∫
e [R−∇µψ∇µψ − Vtop+(ψ)] , η = 1, |ψ| < 1∫
e [R−∇µψ∇µψ − Vtop−(ψ)] , η = 1, |ψ| > 1
. (51)
8with
Vgr(ψ) = 4 cos
4(
ψ√
6
)V0
(
tan(
ψ√
6
)
)
(52)
Vtop+(ψ) = 4 cosh
4(
ψ√
6
)V0
(
tanh(
ψ√
6
)
)
(53)
Vtop−(ψ) = 4 sinh4(
ψ√
6
)V0
(
tanh−1(
ψ√
6
)
)
(54)
Note that all sectors have three propagating degrees of freedom. This is also true for the case η = 1,
which corresponds to a topological theory when all constraints are kept. The sector with η = −1 has
the wrong sign of the kinetic term. In the sectors with η = 1, The kinetic terms of the graviton and the
scalar field have the same sign, and the theory is ghost-free in the absence of matter fields.
Consider the potential (37), with η = 1, as an illustration. The potentials (53,54) reduce to
Vquad(ψ) = −4
a
(
sinh4( ψ√
6
)− cosh4( ψ√
6
)
)2
(
sinh4( ψ√
6
) + cosh4( ψ√
6
)
) . (55)
This potential is bounded, but we will see how the Immirzi parameter and the cosmological constant
affect this result in section III C.
2. The Lorentzian case
The Lorentzian analysis is analogous to the Euclidean one, the difference lying in the details. Equation
(28) now reduces to
Λ′0(ϕ0) = −
1
2
tan(2φ), (56)
which generically can be solved for ϕ0(φ), again with the possibility of different solutions from which we
pick one. For the simplest choice (37), the solution is given by ϕ0 = − 4a tan(2φ). The (A)SD parts of the
compatibility equations can again be solved for the (A)SD parts of the connection, the solutions being
given by
A(ǫ)Iµ = −P (ǫ)iIJ
[
eIν∇µeνJ − ǫieIµeνJ∇νφ
]
, (57)
such that
AIJµ = e
I
ν∇µeνJ +
1
2
ǫIJKLe
K
µ e
νL∇νφ. (58)
The resulting ST action is given by∫
e
[
− sin(φ)R + 3
2
sin(φ)∇µφ∇µφ− V0(φ)
]
, (59)
with
V0(φ) = −ϕ0(φ) sin(2φ)− 2Λ0(ϕ0(φ)) cos(2φ), (60)
the choice (37) leading to
V0(φ) =
2
a
sin2(2φ)
cos(2φ)
. (61)
The sign of the scalar and tensor kinetic terms is always equal, which is contrary to the situation in the
Euclidean theory. This is clearly not changed by going to the Einstein frame gˆµν = | sin(φ)|gµν , in which
9the action is given by (immediately dropping the hats, and again dropping the ± signs by considering
− sin(φ) > 0)
S =
∫
e
[
R− 3
2
1
sin2(φ)
∇µφ∇µφ− 1
sin2(φ)
V0(φ)
]
. (62)
When V0 is bounded from below, the Hamiltonian also is bounded from below, in the absence of matter
fields.
The canonical scalar kinetic energy term
S =
∫
e [R −∇µψ∇µψ − V (ψ)] , V (ψ) = 1
sin2(φ(ψ))
V0(φ(ψ)) (63)
can be obtained by taking ψ =
√
3
2 ln(| tan(φ2 )|). Again the original theory contains two sectors: this field
transformation maps both ]− π, 0[ and ]0, π[ to R. In general they differ by the resulting potential, but
with (61) being a symmetric function in tan(φ2 ), for (37) both theories are equivalent, and the potential
is given by
V (φ) =
8
a
sinh2(
√
2
3ψ)
sinh2(
√
2
3ψ)− 1
. (64)
This potential approaches 8a for large ψ, and has a singularity at ψ = ±
√
3
2 ln(1 +
√
2) ≡ ±c, effectively
splitting the theory in 3 sectors (fields taking value in one of the three regions split by these singularities,
stay in this region). There only is a minimum (resp. maximum) in the bounded sector ψ ∈] − c, c[,
for negative (resp. positive) a. In the next section we will find that this situation is changed when
the Immirzi parameter and the two cosmological constants are introduced, and we will comment on the
physical relevance of such potentials.
C. The Immirzi parameter and the cosmological constants.
One can add the Immirzi parameter γ and 2 cosmological constants Λ and µ to (8) by introducing the
following extra terms in the action:5
S =
∫
BIJ ∧ FIJ + γ−1 ⋆ BIJ ∧ F IJ − 1
2
(
φIJKL +
Λ+ Λ(φ)
6
ǫIJKL − 1
3
µδIJKL
)
BIJ ∧BKL. (65)
In the absence of matter, these constants can be absorbed in the definition of Λ(φ), except for the second
term if γ = ±1 in the Euclidean or γ = ±i in the Lorentzian theory . This is trivial for Λ, which is absorbed
in Λ(φ) in the following, but requires field redefinitions for µ and γ. Taking φˆIJKL = φIJKL − 13µδIJKL
one immediately understands that µ leads to a theory of the standard form (8), where in Λ(φ), ϕ0 has
to be replaced by ϕ0 + 2µ. The discussion of the Immirzi parameter requires a bit more work, which
has ben relegated to appendix B. Apart from showing that for γ 6= ±√σ the second term in (65) can be
absorbed in the potential, it is also shown that non-metric gravity is recovered for γ = ±√σ.
Let us discuss the effects of γ, Λ and µ on the ST subclass. As one can check, the field redefinitions
that were used to demonstrate the above results do not affect (27), and accordingly also (65) with a
potential of the form (27) and with γ 6= ±√σ is a ST theory. The different parameters will affect the
potential V (ψ), and we will illustrate how these now parameters affect (55) and (64), i.e. the potential
obtained from (37). The analysis is analogous to that of section III B: the modified constraints lead to
5 One can go further and add terms like Λ1(φ)φMNIJφMNKLB
IJ ∧ BKL. Obviously, these can also be accounted for
by a field redefinition of φIJKL. The reason to only discuss the terms in (65) is that (i) these are the simplest, and as
we will see they already yield interesting phenomenology, and (ii) as these terms have been studied extensively in the
non-modified theory, it is important to understand their role in Λ(φ) Plebanski theory.
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(24) or (25) and (38), and equation (10), still present since dA commutes with the hodge dual, can be
solved to (44) or (58), which upon substitution in (65) leads to
SEucl =
∫
e
[
η˜
1 + γ−1 − ηψ2(1 − γ−1)
2
R− 3η(1− γ−1)∇µψ∇µψ − VEucl(ψ)
]
, (66)
SLor =
∫
e
[
− (sin(φ) + γ−1 cos(φ))R+ 3
2
(
sin(φ) + γ−1 cos(φ)
)∇µφ∇µφ− VLor(ψ)
]
, (67)
with
VEucl(ψ) = −1
a
(1 − ψ4)2
1 + ψ4
+ Λ(1 + ψ4) + µ(1− ψ4), (68)
VLor(ψ) =
2
a
sin2(2φ)
cos(2φ)
+ 2Λ cos(2φ)− 2µ sin(2φ). (69)
If γ = 1, ψ is clearly not dynamical in the Euclidean case: (67) is just general relativity with
an effective cosmological constant (which is of course a member of the non-metric gravity class of
theories). To understand the other cases with γ = ±√σ, we make the conformal field redefini-
tion gˆµν = η˜
1+γ−1−ηψ2(1−γ−1)
2 gµν (again chosing η such that the conformal factor is positive), resp.
gˆµν = −
(
sin(φ) + γ−1 cos(φ)
)
gµν , in terms of which the action principles are given by
SEucl =
∫
e
[
R− 6η 1− γ
−2
(1 + γ−1 − ηψ2(1 − γ−1))2∇µψ∇
µψ − 4VEucl(ψ)
(1 + γ−1 − ηψ2(1− γ−1))2
]
, (70)
SLor =
∫
e
[
R− 3
2
1 + γ−2
(sin(φ) + γ−1 cos(φ))2
∇µψ∇µψ − VLor(ψ)
(sin(φ) + γ−1 cos(φ))2
]
. (71)
It is then clear that any case with γ = ±√σ simply gives general relativity with an effective cosmological
constant. As for ω = − 32 in Brans-Dicke theory, it is only after going to the Einstein frame that one
realizes that the scalar field is not a propagating degree of freedom.
The generic case γ 6= ±√σ indeed gives a ST theory, for which the ghost properties of the Euclidean
theory are unchanged when γ2 > 1: (70) is stable for η = 1 and unstable for η = −1. For γ2 < 1 this
situation is reversed.6 As before, the Lorentzian theory is ghost-free for any real value of the Immirzi
parameter.
We focus on the stable sectors, for which the field transformation needed to obtain a canonical scalar
kinetic term is given by
so(4) : ψˆ(ψ) =


√
6 arctanh(
√
η 1−γ
−1
1+γ−1ψ), ψ
2η 1−γ
−1
1+γ−1 < 1;√
6 arctanh(
√
η 1+γ
−1
1−γ−1ψ
−1), ψ2η 1−γ
−1
1+γ−1 > 1;
(72)
so(3, 1) : ψ(φ) =


√
6 arctanh(
1−γ−1 tan(φ2 )√
1+γ−2
), φ ∈]2 arctan(γ −
√
1 + γ2), 2 arctan(γ +
√
1 + γ2)[;
√
6 arctanh(
√
1+γ−2
1−γ−1 tan(φ2 )
), φ ∈]2 arctan(γ +
√
1 + γ2), 2 arctan(γ −
√
1 + γ2)[.
(73)
6 This might be surprising at first sight, as we pointed out that for γ 6= ±1 only the potential is affected. One should note
however, that η is a parameter obtained from B, which can be affected by the field redefinition (B2). This is indeed the
case: when B is given by (24),
Bˆ = η˜
1 + γ−1 − ηψ2(1 − γ−1)
2
⋆ e ∧ e+ η˜ 1 + γ
−1 + ηψ2(1− γ−1)
2
e ∧ e
= ˆ˜η
1− ηˆψˆ2
2
⋆ eˆ ∧ eˆ+ ˆ˜η 1 + ηˆψˆ
2
2
eˆ ∧ eˆ,
where eˆ =
√
|1 + γ−1|e, ˆ˜η = η˜sgn(1 + γ−1), ψˆ =
√∣∣∣ 1−γ−1
1+γ−1
∣∣∣ and most importantly ηˆ = ηsgn(1 − γ−2). It is this last ηˆ
which determines the stability. The correct interpretation is not that γ affects the stability (there is still a stable and an
unstable sector), but that γ affects the value of η, which labels the sectors.
11
Let us discuss the potential for the Euclidean theory first. In the first sector, the potential is, immediately
dropping the hats, given by
V =
4
(1 + γ−1)2
cosh4(
ψ√
6
)

−1
a
(
1− β2 tanh4( ψ√
6
)
)2
1 + β2 tanh4( ψ√
6
)
+ µ+ Λ+ (Λ − µ)β2 tanh4( ψ√
6
)

 (74)
where β = 1+γ
−1
1−γ−1 . The potential in the second sector can be obtained from (74) by replacing γ → −γ
and µ→ −µ. For small ψ, these potentials behave as a free field,
V (ψ) ≈ 4
(1 + γ−1)2
(
Λ + µ− a−1)+ 4
3
1
(1 + γ−1)2
(
2Λ + 2µ− a−1)ψ2, |ψ| ≪ 1, (75)
while for large fields they behave like
V (ψ) ≈


1
(1−γ−2)2
(
− γ−28a(1+γ−2) + Λ2 (1 + γ−1)− µγ−1
)
e
4√
6
|ψ|
, γ−1 6= 0 or Λ 6= 0
2µe
2√
6
|ψ|
, γ−1 = 0,Λ = 0, µ 6= 0,
− 8a , γ−1 = 0,Λ = 0, µ = 0
, |ψ| ≫ 1.
(76)
The effect of Λ, γ and µ is to cause an exponential behavior at large values of the fields. As has
already been noted in the introduction, such potentials have attracted interest in cosmology, due to the
energy density which tracks the matter/radiation energy density at early times, when |ψ| ≫ 1, and their
behaviour as pressureless cold dark matter at later times when |ψ| ≪ 1 [17, 18]. Scalar fields with such
a potential are referred to as scalar field dark matter (SFDM) in the following.
For the Lorentzian case, the explicit inverse of (73) with γ−1 6= 0 is more complicated. As the explicit
formula for the general potential is long and not very instructive, we discuss the effects of the cosmological
constants and the Immirzi parameters separately. For γ−1 = 0, the potential is given by
V =
8
a
sinh2(
√
2
3ψ)
sinh2(
√
2
3ψ)− 1
− 4µ sinh(
√
2
3
ψ)− 2Λ
[
sinh2(
√
2
3
ψ)− 1
]
, (77)
the second sector being related to the first one by replacing µ → −µ. As in the case Λ = µ = 0, this
potential has 2 singularities, at | sinh(
√
2
3ψ)| = 1, which separate 3 sectors. When Λ = µ = 0 we found
that only the bounded sector had a minimum, for negative a. While (77) displays the same behavior in
the bounded sector, it is changed in the unbouded sectors | sinh(
√
2
3ψ)| > 1. A minimum is found in both
of these sectors iff Λ < 0, a > 0 (and for such parameters, both sectors are stable). For Λ = 0, µ 6= 0,
only the sector with −sgn(µ) sinh(
√
2
3ψ) > 1 is stable (and displays a minimum). The behavior of the
potential for large values is given by
V (ψ) ≈


−2Λe 4√6 |ψ|, Λ 6= 0
−4µe 2√6ψ, Λ = 0, µ 6= 0
8
a Λ = 0 = µ
, |ψ| ≫ 1. (78)
While it is clear that, for |ψ| taking initial value ≫ 1, the singularities in the potential will not affect
the interpretation as SFDM in the unbounded sectors with mimimum, the effect of these singularities for
generic initial values is still unclear.
On the other hand, setting µ = Λ = 0, the potential in the first sector reduces to
V =
32
a(1 + γ−2)2
(
γ + γ−1 + 2γ cosh2( ψ√
6
)(
√
1 + γ−2 tanh( ψ√
6
)− 1)
)2
γ2
(
1+γ−2
cosh2( ψ√
6
)(1−
√
1+γ−2 tanh( ψ√
6
))
− 2
)2
− 4
. (79)
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As in the previous cases, there are two singularities for γ2 6= 1, but at different values of the field, given
by
ψ =
√
6 arctanh
(
1− γ−1 (±1±√2)√
1 + γ−2
)
, (80)
where among the 4 choices of signs, only the 2 for which the argument of arctanh is in ]−1, 1[ are selected.
For γ2 = 1, only one singularity arises, at ψ|1| =
√
6 arctanh(2−
√
2√
2
), and hence the theory is only split in
2 sectors. The behavior at ±∞ is given by
V ≈


2
a(1−γ−2)
(
1∓
√
1+γ−2
1+γ−2
)2
e
4|ψ|√
6 , γ2 6= 1,
− (1∓
√
2)3
8a e
√
6|ψ|, γ2 = 1.
, (81)
the ∓ signs reflecting the fact that the coefficients at ±∞ differ. In the unbounded sectors, the potential
for γ2 6= 1 has a minimum and the theory is stable iff a(1 − γ−2) > 0. When γ2 = 1, there is always
1 stable and 1 unstable sector: for a > 0, the sector ]ψ|1|,∞[ is stable, while for a < 0 the sector
] −∞, ψ|1|[ is. It is noteworthy that in the limit γ → ±∞, the potential (79) does not approach (64).
Both singularities (80) tend to +∞ and the behavior at ±∞ will in this limit be given by
V ≈
{
8
ae
−4 ψ√
6 , ψ → −∞
γ−4
2a e
4 ψ√
6 , ψ → +∞
. (82)
The fact that the limit γ−1 → 0 does not repreduce the theory without Immirzi parameter, is due to the
singularity of the field transformation (73) in this limit. The behaviour of the potential in the second
sector is analogous.
The above analysis reveals the differences between the 2 reality conditions that can be imposed on the
Lorentzian theory, referred to at the end of section II. If the tetrads e(+) and e(−) in (15) are required
to be real, it is straightforward to adopt the analysis of the Euclidean case discussed above. One finds i
times (51), and consequently the theory is unstable in the sector in which η = −η¯. If on the other hand,
all fundamental fields, i.e. B, A and φ, are taken to be real, we found that the theory is stable in all
sectors. The viability of the theory with real fundamental fields eliminates the need for reality conditions
which impose reality of the tetrads, and from this point on, we restrict the discussion to the Lorentzian
theory with all fundamental fields real.
IV. MATTER COUPLING
In order to interpret the results of the previous section, matter has to be coupled to the theory, i.e. we
need to study which matter couplings terms Lm in (1) can arise from (8) with matter coupled to it. The
precise form of Lm will significantly affect the phenomenology of (1). For example, with a generic coupling
Lm(Q, gµν , φ) the weak equivalence principle (WEP) will be violated, which would be manifested by the
presence of a fifth force. The WEP will hold for test particles, i.e. neglecting self-interaction, when all
matter fields couple to the same metric gˆµν = A
2(φ)gµν , i.e. when the coupling term takes the form
Sm(A
2(φ)gµν , Q). (83)
All test particles then move on the geodesics of g˜µν = A
2(φ)gµν , the matter coupling singling out this
conformal frame as the physical one. It is however useful to point out that it was shown in [8] that the
metric coupling (83) is an attractor of a more general class of coupling terms, in which the masses of
the different particles are taken to be a function of the scalar fields (with the extrema of these different
mass functions coinciding). The deviations from (83) at the present epoch would be very small in such
a scenario, but cannot a priori be excluded at early times.
What kind of matter coupling can be expected to arise from (8) with matter coupled to it? There
are different ways to address this question. In [14], a symmetry breaking mechanism was proposed, in
which a vacuum solution of (8) with an extended gauge group G will break the gauge symmetry down
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to SU(2) times its centralizer. As such, a unified description of gravity and matter fields is offered by
B, with the SU(2) part describing the graviton, the centralizer part describing the matter fields. It is
however still unclear how the standard model fermionic fields can be recovered in this framework, and
we will not pursue this approach here. However, the results of the previous sector are a special case of
such a unified description, both the gravitational and the scalar field being contained in B, in which the
coupling between both fields is understood in detail. The scalar field is minimally coupled to − sin(φ)gµν ,
which is the imaginary part of the Urbantke metric. While it is not clear how to generalize this result to
the different matter fields7, it can serve as a guiding principle for doing so.
A less ambitious approach is to couple matter fields ‘by hand’, i.e. by adding a term
S(B,Q). (84)
This approach of coupling by hand is more general than the unified approach, which will amount to a
specific form of (84). Note that fermionic matter fields will require a term S(B,A, ζ), which does not
pose extra complications. Elegant coupling terms have been proposed to couple matter to the Plebanski
formalism in this way. Most notably scalar and Yang-Mills type matter can be coupled polynomially
to B directly, as opposed to constructing the non-polynomial Urbantke metric and using the standard
minimal coupling action [25]. Such Ansa¨tze can be consider also in the modified theory, but in this
section we study the general form (84), as was done for non-metric gravity in [26]. If one is to understand
(8) as an effective quantum gravity action, the only restrictions on the matter Lagrangian are invariance
under gauge transformations and diffeomorphism, and the recovery of minimally coupled matter in the
Plebanski limit Λ(φ) → Λ. The questions we set out to answer are (i) what conditions should, in the
general class of Λ(φ) theories, be imposed on (84) to obtain a viable theory, (ii) what is the phenomenology
of couplings satisfying these conditions in the ST subclass, more in particular for which S(B,Q) is the
scalar field minimally coupled to the metric wrt which matter couples (this is the coupling needed to
derive the SFDM phenomenology referred to above)?
Before proceeding, note that the two Urbantke metrics g
(+)
µν = e
(+),I
µ e
(+),J
ν ηIJ and g
(−)
µν =
e
(−),I
µ e
(−),J
ν ηIJ are complex for real B. There are many ways of defining a pair of real metrics. While the
explicit formula in terms of B is less compact than proposals used in previous literature8, the real and
imaginary part of the Urbantke metric, which for (25) are given respectively by
g(+)µν = g
(2)
µν + ig
(1)
µν = cos(φ)gµν − i sin(φ)gµν , (89)
will be more useful in the following. Note that in the presence of the scalar constraint, these reduce to
top : g(1)µν = 0, g
(2)
µν = ±gµν (90)
gr : g(1)µν = ±gµν , g(2)µν = 0. (91)
7 In general it is not clear whether the imaginary part of the Urbantke metric is Lorentzian. It is possible to construct two
independent real Lorentzian metrics from real BIJµν , taking the real and imaginary part of e
(+) as fundamental tetrads,
but in the ST subclass, using these for parametrizing B has not proven very useful.
8 Compact explicit formula are easily obtained for the real and imaginary parts of −g(+)g(+),µν = g (1)g (1),µν+ig (2)g (2),µν
[21, 23] or of
√
−g(+)g(+)µν : √
−g(r)g(r)µν =
1
6
ηIN δJMKLB
IJ
µαB˜
KL,αβBMNβν , (85)√
−g(i)g(i)µν =
1
12
ηIN ǫJMKLB
IJ
µαB˜
KL,αβBMNβν , (86)
with B˜IJ,µν = 1
2
ǫµνρσBIJρσ . For solutions (25) of the relaxed constraints, one can check by direct calculation, or by using
g
(+)
µν = (cos(φ)− i sin(φ))gµν , that
g
(1)
g
(1),µν =
1
8
cos(φ)(cos2(φ)− 3 sin2(φ))ggµν , g (2)g (2),µν = 1
8
sin(φ)(sin2(φ)− 3 cos2(φ))ggµν (87)
√
−g(r)g(r)µν = − sin(φ)(sin2(φ)− 3 cos2(φ))
√−ggµν ,
√
−g(i)g(i)µν = cos(φ)(cos2(φ) − 3 sin2(φ))
√−ggµν . (88)
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Consider the most general matter term
S(B,Q) = S[g(1)µν , g
(2)
µν , b
(1)
ij , b
(2)
ij , Q], (92)
with b(1), b(2) the real and imaginary part of b(+). Under the condition
L(gµν , 0, δij, δij , Q) = Lm(gµν , Q), (93)
with Lm the minimally coupled matter Lagrangian, a sector with matter minimally coupled to general
relativity will be found in the ‘Plebanski limit’ Λ(φ) → Λ.9 This is easily understood: in the Plebanski
limit, the simplicity constraints, and consequently a sector in which B = ⋆e∧e is a solution, are recovered.
Substituting this solution in the action, one finds with (93) that matter is minimally coupled to the
Einstein-Cartan action. Many Ansa¨tze satisfy this criterium, and in the unmodified case all are equivalent.
As we assume that the Lagrange multipliers are decoupled from the matter fields, the (modified)
simplicity constraints are not affected by matter. Hence, in the ST subclass, we are interested in
S[− sin(φ)gµν , cos(φ)gµν , δij , δij , Q], (94)
which is almost a generic ST matter coupling term S[gµν , φ,Q] where it not for the condition
lim
φ→−pi2
S[gµν , φ,Q] = Sm[gµν , Q]. Generically, this dependence affects the signs of the kinetic terms of
the matter fields, implying a more complicated splitting in stable and unstable sectors. The following
coupling reduces to (83) in the sector sin(φ) < 0:
S[g(1)µν , g
(2)
µν , b
(1)
ij , b
(2)
ij , Q] = Sm[A
2(g(2),µνg(1)µν )g
(1)
µν , Q]. (95)
Two types of coupling terms satisfying (93) are however of particular interest.
As discussed in [27], an example of a class of matter Lagrangians yielding minimal coupling is
L(g(1)µν , g(2)µν , b(1)ij , b(2)ij , φIJKL, Q) =
1
2
Lm[−igU+, Q] + 1
2
Lm[igU−, Q] (96)
=
1
2
Lm[g(1) − ig(2), Q] + 1
2
Lm[g(1) + ig(2), Q] (97)
Such a coupling obviously satisfies (93), and once the (A)SD split is made, this is the most natural real
coupling term doing so. In the modified theory however, such a coupling involves some subtleties with
respect to its stability. In the ST subclass, it reduces to
1
2
Lm[ei(φ+
pi
2 )gµν , Q] +
1
2
Lm[e−i(φ+
pi
2 )gµν , Q]. (98)
For a massive scalar field Φ, the matter Lagrangian Lm = −√−g
(∇µΦ∇µΦ+m2Φ2) coupling to (59),
is then ∫ √−g [sin(φ)∇µΦ∇µΦ−m2 (sin2(φ) − cos2(φ))Φ2)] (99)
The signs of the kinetic terms are all equal, in both sectors sin(φ) < 0 and sin(φ) > 0, and hence do
not incite instabilities, which can be demonstrated most clearly by going to the Einstein frame.10 The
potential terms however are more subtle. Note that, due to the singularity in (56) the theory will, in
addition to the splitting sin(φ) < 0, sin(φ) > 0, always be split in two sectors subject to | cos(φ)| > | sin(φ)|
resp. | cos(φ)| > | sin(φ)|. We thus find 2 stable sectors: one with positive kinetic and negative potential
9 More precisely we consider a sequence of potentials for which both Λ(φ) → Λ and ∂Λ
∂φIJKL
→ 0, the second condition
being a consequence of the first one for polynomial invariants.
10 With our sign convention (− + ++), one usually takes the signs in front of ∇µΦ∇µΦ to be negative, such as to have
a positive contribution to the kinetic energy. This is of course only a convention, as the classical theory is not affected
by multiplying the action by a global minus sign. When the potential terms give a contribution to the action which is
bounded from below, a theory with all kinetic terms negative, such as (59)+(99) in the sector sin(φ) > 0, is stable.
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contributions to the action (sin(φ) < 0 and | sin(φ)| > | cos(φ)|), and one with negative kinetic and
positive potential contributions to the action (sin(φ) > 0 and | cos(φ)| > | sin(φ)|). In the other sectors,
the theory is unstable. For a Yang-Mills field, (98) yields, both in the Einstein and the Jordan frame, a
coupling term ∫
−1
4
√−ggµαgνβFµνFαβ . (100)
Hence, contrary to the conclusions for the scalar field, the sign of the kinetic terms is only correct in the
sector sin(φ) < 0.
While (96) does yield stable sectors, deciding on which sector is stable has to be done a posteriori. We
therefor propose to consider the simpler
L(g(1)µν , g(2)µν , b(1)ij , b(2)ij , φIJKL, Q) = Lm(g(1)µν , Q), (101)
which also satisfies (93). Matter then couples to the Jordan frame action (59) by Lm(− sin(φ)gµν , Q).
Hence, in the sector sin(φ) < 0, it couples to the Einstein frame action by Lm(gµν , Q). In the absence of
the Immirzi parameter, matter is then minimally coupled and in this sector no additional stability issues
arise. Note furthermore that this is, in the absence of the Immirzi parameter but in the presence of the
cosmological constants, the coupling needed to derive the SFDM phenomenology referred to above.
V. BF FORMULATION OF SCALAR-TENSOR THEORIES
It is immediate from the above discussion that a massless ST theory can be obtained by relaxing the
scalar component of the constrains, without introducing a potential. In other words, the action
SST-BF[B
IJ , AIJ , λIJKL] =
∫
BIJ ∧ FIJ − 1
2
λIJKLB
IJ ∧BKL, (102)
with λ ∈ (2,0)⊕ (0,2)⊕ (1,1), i.e. λIJKL = λKLIJ = −λJIKL and δIJKLµIJKL = ǫIJKLµIJKL = 0, is
a BF formulation of massless ST theories. It is not difficult to show this: the constraints
BIJ ∧BKL = − 1
12
ǫIJKL < B ∧ ⋆B > +1
6
δIJKL < B ∧B > (103)
are solved by (25) and the resulting compatibility equation dAB = 0 is solved by (44). Substituting these
solutions in the action, it reduces the massless ST theory∫ √−g [− sin(φ)R + 3
2
sin(φ)∇µφ∇µφ
]
, (104)
where the matter coupling will differentiate between the different massless theories. As an illustration,
we will derive the matter coupling corresponding to JBD theory. As the kinetic terms will always have
the right sign, only the stable theories ω > − 32 can be recovered. Taking matter to be coupled by a term
Sm[g˜µν , Q], with g˜µν = Ω(φ)
−2gµν , one can make a conformal field redefinition gˆµν = g˜µν , to obtain an
action principle, with the hats immediately dropped,∫
eΩ4
[
− sin(φ)Ω−2R+ 6 sin(φ)Ω−3∇µ∇µΩ+ 3
2
Ω−2 sin(φ)∇µφ∇µφ
]
+ Sm[gµν , Q]. (105)
In order to compare this action to the JBD action,∫
e
[
ψR − ω
ψ
∇µψ∇µψ
]
+ Sm[gµν , Q], (106)
one should make a field redefinition ψ(φ) = − sin(φ)Ω2, to find that these actions are equivalent up to
boundary terms iff
ω
sin(φ)Ω2
∇µ
(
sin(φ)Ω2
)∇µ (sin(φ)Ω2) = −6∇µ [Ω sin(φ)]∇µΩ + 3
2
sin(φ)Ω2∇µφ∇µφ. (107)
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This results in the differential equation
(ω +
3
2
) sin(φ)
(
dΩ
dφ
)2
+ (ω +
3
2
) cos(φ)Ω
dΩ
dφ
+
(
ω
sin(φ)
− (ω + 3
2
) sin(φ)
)
Ω2 = 0, (108)
which has no non-zero solution for the unstable theory ω < − 32 or the 2 DOF theory ω = − 32 , but which
splits in two first order differential equations
dΩ
dφ
=
1
2

− cot(φ)±
√
3/2
ω+3/2
sin(φ)

Ω (109)
for ω > − 32 . These are solved by
Ω2±(φ) = (| sin(φ)|)−1±
√
3/2
ω+3/2 (1 + cos(φ))
∓
√
3/2
ω+3/2 , (110)
which means that to recover the JBD theory, matter has to be coupled to (104) by either Sm[Ω
−2
+ gµν , Q]
or Sm[Ω
−2
− gµν , Q]. Note that, just like (63) and JBD theory, (104) describes two sectors: a sector in
which sin(φ) > 0, i.e. ψ(φ) < 0 and the physical sector (in which the signs of the ST and matter kinetic
terms are equal) with sin(φ) < 0 and consequently ψ(φ) > 0. In the latter, by using the formula
tan(φ) = − 1
12
〈B ∧B〉√
− det g(2)
, (111)
cos(φ) and sin(φ) can easily be constructed from the bivectors.11 In conclusion, the action
S = SST-BF[B,A, µ] + Sm
[
A2ω (B) g
(1)
µν , Q
]
, (112a)
A2ω(B) =


∣∣∣∣ 〈B∧B〉√−g(2)
∣∣∣∣√
1 +
(
〈B∧B〉√
−g(2)
)2
− sgn
(
〈B∧B〉√
−g(2)
)


±
√
3/2
ω+3/2
, (112b)
constitutes a BF formulation of JBD theory.
While JBD theory can also be obtained by simply coupling the scalar fields along the lines of section IV,
here we exploited the fact that this scalar DOF is present already in the bivector field B. In conclusion,
we have shown that JBD theory can be described as a constrained BF theory, but also for the massless
case it is more natural to consider different ST theories.
VI. CONCLUSION
The 4-dimensional low energy string effective action of the massless modes is a scalar-tensor theory
coupled to various gauge fields and fermions. We showed that also in Λ(φ) Plebanski theory, which has
been advocated as an effective quantum gravity action, a scalar-tensor theory arises. We isolated the
subclass in which only these scalar-tensor modes are propagating, and the scalar mode was identified as
the conformal factor relating the two Urbantke metrics that can be constructed from the so(3, 1)-valued
bivectors. This subclass was then shown to be equivalent to the Bergmann-Wagoner-Nordvedt class of
scalar-tensor theories, with a massive scalar particle. This is the main difference with the string effective
action, which a priori is invariant under dilatations (though it is not clear how compactification affects
this invariance).
11 By using cos(φ) = − sgn(tan(φ))√
1+tan2(φ)
and sin(φ) = − | tan(φ)|√
1+tan2(φ)
.
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We analyzed the consequences of different reality conditions, and showed that the simplest choice,
requiring the bivectors to be real, leads to a viable theory. At least in this scalar-tensor subclass, there
is no need to impose reality of the two Urbantke metrics. Working under the condition of a real bivector
field, the scalar field is minimally coupled to the metric g(1), which is the imaginary part of the Urbantke
metric. If the matter fields are also taken to be minimally coupled to g(1), the scalar field decouples.
Whether such a coupling scheme arises naturally from a unified gravity-matter description for non-scalar
matter fields is subject to further research.
Finally, we showed that the scalar-tensor theories which arise from a quadratic Λ(ϕ0) with Immirzi pa-
rameter or cosmological constant, yield dark matter phenomenology. This incites the following question,
which we do not attempt to answer here. In [28], it was shown that in bi-metric theories of gravity, the
conformal degree of freedom causes an exponentially fading repulsion, modifying Newton’s law at large
distances in such a way that the galactic rotation curves can be accounted for. This is closely related
to the dark matter phenomenology found in this paper, as the scalar mode is precisely the conformal
factor relating the 2 Urbantke metrics. However, in standard bi-gravity theories this conformal degree of
freedom corresponds to a ghost, which propagates with the wrong sign of the kinetic term, implying its
repulsive character. Due to the enhanced gauge symmetry of the potentially ghost-free bi-metric theo-
ries of gravity recently proposed in [29], this unstable mode can be gauge fixed. As the remarks above,
and the analysis of this paper, suggest that it is precisely this scalar mode which is responsible for the
dark matter phenomenology, it is important to understand whether the results of [28] extend to these
ghost-free theories.
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Appendix A: Notation
We are concerned with so(4) and so(3, 1), which are represented by 4x4 matrices XIJ anti-symmetric,
i.e. XIJ = −XJI , when the indices are raised by ηIJ = (σ,+,+,+), with σ = 1 for so(4) and σ = −1
for so(3, 1). One can define 2 different metrics on this space:
δIJKL = ηI[KηL]J
and the totally anti-symmetric ǫIJKL normalized such that ǫ
0123 = 1. ǫ can be used to define the Lie
algebra Hodge dual
⋆ XIJ =
1
2
ǫIJKLX
KL. (A1)
X can be decomposed in its selfdual part (which is an eigenvector of ⋆ with eigenvalue σ
√
σ) and its
anti-selfdual (ASD) part (having eigenvalue −σ√σ), and the projectors on the (A)SD part are given by
P IJ(ǫ)KL =
1
2
(
δIJKL +
ǫ
√
σ
2
ǫIJKL
)
, (A2)
ǫ = + denoting the SD part and ǫ = − denoting the ASD part:
⋆ P IJ(ǫ)KL = ǫσ
√
σP IJ(ǫ)KL. (A3)
su(2) labels can be introduced on the (A)SD subspace by choosing a (in the Lorentzian case timelike)
direction and taking
P IJ(ǫ),i = 2P
IJ
(ǫ) 0i = δ
IJ
0i +
ǫ
√
σ
2
ǫIJ0i,
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normalized such that
P IJ(ǫ),iP
KL
(ǫ),i = σP
IJKL
(ǫ) , δIJKLP
IJ
(ǫ),iP
KL
(ǫ),j = σδij .
Given a tetrad, one can construct su(2)-valued two-forms by mapping the algebra indices to spacetime
indices:
Σi(ǫ)[e] = P
i
(ǫ),IJe
I ∧ eJ .
These bivectors are (A)SD with respect to the spacetime hodge dual, and satisfy the following useful
identity
Σiǫ[e] ∧ Σj(ǫ)[e] = 2
√
σǫeδij .
We will regularly consider fields φIJKL taking value in the symmetric direct product of the Lie algebras,
i.e. φIJKL = φKLIJ = −φJIKL. We will denote such symmetrization by adding a line, e.g. φIJKL =
φ(IJ|KL) = 12φ
IJKL+ 12φ
KLIJ . Most important for this paper is the case in which ǫIJKLφ
IJKL = 0, such
that φ takes value in (0,2)⊕ (2,0)⊕ (1,1)⊕ (0,0):
φIJKL =
(
P IJ(+)MNP
KL
(+) PQ −
1
3
P IJKL(+) P(+)MNPQ
)
φMNPQ +
(
P IJ(−)MNP
KL
(−) PQ −
1
3
P IJKL(−) P(−)MNPQ
)
φMNPQ
+2P
(IJ
(+)MNP
KL)
(−) PQφ
MNPQ +
1
6
δIJKLδMNPQφ
MNPQ
=
(
P IJ(+),iP
KL
(+),i −
1
3
δijP
IJ
(+),kP
KL
(+),k
)
φ
(+)
ij +
(
P IJ(−),iP
KL
(−),i −
1
3
δijP
IJ
(−),kP
KL
(−),k
)
φ
(−)
ij
+P
(IJ
(+),iP
KL)
(−),jψij +
1
6
δIJKLϕ0
≡ ΠIJKL(2,0),ijφ(+)ij +ΠIJKL(0,2),ijφ(−)ij +ΠIJKL(1,1),ijψij +ΠIJKL(0,0) ϕ0,
where we have introduced a suitable parametrization for the irreducible components
φ
(ǫ)
ij =
(
P IJ(ǫ),iP
KL
(ǫ),j −
1
3
δij(P
IJ
(ǫ),kP
KL
(ǫ),k
)
φIJKL, ψij = 2P
IJ
(+),iP
KL
(−),jφIJKL, ϕ0 = δIJKLφ
IJKL.
Finally, we use angled brackets to denote taking the inner product with respect to δ, e.g. for the
Lorentz-algebra valued bivectors B
〈B ∧B〉 = δIJKLBIJ ∧BKL, 〈B ∧ ⋆B〉 = 1
2
ǫIJKLB
IJ ∧BKL. (A4)
Appendix B: General effects of the Immirzi parameter
In this appendix we discuss the effects of introducing the Immirzi parameter to Λ(φ) Plebanski gravity,
in the absence of matter:
S =
∫
BIJ ∧ FIJ + γ−1 ⋆ BIJ ∧ F IJ − 1
2
(
φIJKL +
Λ(φ)
6
ǫIJKL
)
BIJ ∧BKL. (B1)
Because of the phenomenologically interesting effects in the scalar-tensor subsector, an explicit analysis
for Λ(φ) = Λ0(ϕ0) is discussed in the main text. The analysis for general potentials Λ(φ) is given here.
For γ 6= ±√σ, (B1) is equivalent to Λ(φ) Plebanski gravity without the Holst term, but with a different
potential Λ˜γ(φ). This mechanism is responsible for the dependence of the mass of the second graviton
on the Immirzi parameter [21]. When γ = ±√σ, the theory reduces to the non-metric theory of gravity,
which is the su(2) analog of Λ(φ) Plebanski gravity.
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1. Generic case: γ 6= ±√σ
In order to eliminate the Holst term γ−1 ⋆ BIJ ∧ F IJ , a number of field redefinitions have to made.
First, take
BˆIJ = BIJ + γ−1 ⋆ BIJ , (B2)
which can be inverted to BIJ = 11−σγ−2 (Bˆ
IJ − γ−1 ⋆ BˆIJ ), in terms of which
S =
∫
BˆIJ ∧ FIJ − 1
2(1− σγ−2)2
(
φ˜IJKL +
1
6
[
Λ(φ)(1 + σγ−2)− γ−1ϕ0
]
ǫIJKL
)
BˆIJ ∧ BˆKL, (B3)
where
φ˜IJKL = φIJKL − 2γ−1∗φ(IJ|KL) + γ−2∗φ∗MNPQ +
1
6
γ−1ϕ0ǫIJKL − 2
3
σγ−1Λ(φ)δIJKL, (B4)
with ∗φIJKL = 12ǫ
MN
IJ φMNKL, φ
∗
IJKL =
1
2ǫ
MN
KL φIJMN . There are 2 classes of solutions to the equations
of this theory. In the first class
∂Λ(φ)
∂ϕ0
6= 1
4
(
σγ + γ−1
)
, (B5)
and one can take (B4) as a field redefinition, since in this class (B4) can be inverted to φIJKL(φ˜IJKL).
In that case, (B3) reduces to the familiar form
S =
∫
BˆIJ ∧ FIJ − 1
2
[
φˆIJKL +
1
6
Λ˜γ(φˆ)ǫIJKL
]
BˆIJ ∧ BˆKL, (B6)
where a rescaling φˆ = 1(1−σγ−2)2 φ˜ has been made, and where the precise form of the potential depends
on the explicit form of the inverse φ(φˆ):
Λ˜γ(φˆ) = Λ(φ(φˆ))
(
1 + σγ−2
)− γ−1ϕ0(φˆ). (B7)
The second class will only be present when ∂Λ(φ)∂ϕ =
1
4
(
σγ + γ−1
)
has solutions, and this condition will
be identically satisfied in this class. Varying (B3) wrt ϕ, one obtains
〈
Bˆ ∧ ⋆Bˆ
〉
= 0. Hence the variation
of the action wrt φIJKL is equivalent to
BIJ ∧BKL = 1
6
δIJKL 〈B ∧B〉 . (B8)
In order to solve these equations, one can make an irreducible decomposition as in (16), the only difference
being that the scalar component of the constraints gives e(+)m(+) + e(−)m(−) = 0. Hence m(+)ij =
m(−)ij = δij and e(−)Iµ = ψe
(+)I
µ , and the conformal factor ψ is determined by
e(−) = −e(+). (B9)
In the so(4) case, no non-degenerate real solutions exist. In the so(3, 1) case, one finds four solutions
BIJ = ± 1√
2
eI ∧ eJ ± 1√
2
(⋆e ∧ e)IJ . (B10)
Substituting this in the action, one obtains plus or minus the Holst action, with γ = ±1.
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2. Non-metric case: γ = ±√σ
For this case, it is convenient to rewrite the action in terms of the irreducible components of B and φ,
which for γ =
√
σ yields
S =
∫
Bi(+) ∧ F i(+) −
1
2
(
φ
(+)
ij + Λ˜δij
)
Bi(+) ∧Bj(+) −
1
2
ψijB
i
(+) ∧Bj(−) −
1
2
ΦijB
i
(−) ∧Bj(−),(B11)
Φij = φ
(−)
ij + (
σ
6
ϕ0 − σ
√
σ
3
Λ)δij , (B12)
Λ˜ =
σϕ0
6
+
σ
√
σΛ
3
. (B13)
Bi− is no longer a dynamical field, and we are only concerned with the dynamics of B
i
(+) and A
i
(+). It
is convenient to make the field redefinition (φ
(−)
ij , ϕ0) → Φij which is invertible whenever
√
σ ∂Λ∂ϕ0 6= 12 .
Varying (B11) wrt ϕ0, one finds that B
i
(+)∧Bi(+) = 0 in the sector with
√
σ ∂Λ∂ϕ0 =
1
2 . It then follows from
the variation wrt φ(+) that Bi(+) ∧ Bj(+) = 0, and this sector reduces to the degenerate su(2) Plebanski
sector. Henceforth we focus on the sector with Bi(+) ∧Bi(+) 6= 0.
Varying (B11) wrt Bi(+) and A
i
(+), gives the respective equations
F i(+) =
(
φ
(+)
ij + Λ˜δij
)
Bi(+) +
1
2
ψijB
j
(−), (B14)
dA(+)B = 0. (B15)
The other equations are algebraic, and are given by
Bi(+) ∧Bj(+) −
1
3
δijBk(+) ∧Bk(+) = −
∂Λ˜
∂φ
(+)
ij
Bk(+) ∧B(+), (B16)
Bi(−) ∧Bj(−) = −
∂Λ˜
∂Φij
Bk(+) ∧Bk(+), (B17)
Bi(−) ∧Bj(+) = −
1
2
∂Λ˜
∂ψij
Bk(+) ∧Bk(+), (B18)
ΦijB
i
(−) + ψijB
i
(+) = 0. (B19)
We are interested in the case with Bi(+)∧Bj(+) ≡ hij an invertible matrix: in that case (up to a conformal
factor) a metric can be constructed from the bivectors, by requiring that Bi(+) is selfdual with respect to
the space-time hodge dual. The Bi(+)’s then form a basis for the space of selfdual 2-forms, and B
i
(−) can
be decomposed in its space-time SD and ASD parts,
Bi(−) = Q
i
jB
j
(+) + B˜
i
(−). (B20)
Equation (B18) can be solved for the coefficients Qij of the self-dual part, and equation (B17) then
determines
B˜i(−) ∧ B˜j(−) = −
1
4
∂Λ˜
∂ψki
h−1kl
∂Λ˜
∂ψlj
h2 − ∂Λ˜
∂Φij
h. (B21)
Substituting this decomposition in equation (B19), one finds
ψij = −QkiΦkj , ΦijB˜j(−) = 0. (B22)
Substituting the solution12 Φij = ψij = 0 in equations (B14), (B15), (B16) one finds exactly the field
12 Note that in general, Φ is constrained to be a zero divisor of (B21). Also for possible non-zero solutions of these equations
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equations of non-metric gravity, with the action principle given by∫
Bi(+) ∧ F i(Ai(+))−
1
2
(
φ
(+)
ij +
σ
√
σ
3
Λ(φ
(+)
ij P
IJ
(+),iP
KL
(+),j)δij
)
Bi(+) ∧Bj(+). (B23)
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one can show that ψijB
j
(−)
= 0. Either this equation together with (B16) can be solved for Φ and φ(+) in terms of hij ,
or these equations give constraints on hij . The former case gives exactly the non-metric theories after integrating out the
Lagrange multiplier φij . The latter case appears to give a possible generalization of the non-metric theories, still with 2
DOFs but with a constrained auxiliary field (e.g. Tr(h2) = c).
